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The distribution of entangled quantum systems among two or more nodes of a network is a key
task at the basis of quantum communication, quantum computation and quantum cryptography.
Unfortunately the transmission lines used in this procedure can introduce so much perturbations
and noise in the transmitted signal that prevent the possibility of restoring quantum correlations
in the received messages either by means of encoding optimization or by exploiting local operations
and classical communication. In this work we present a procedure which allows one to improve
the performance of some of these channels. The mechanism underpinning this result is a protocol
which we dub cut-and-paste, as it consists in extracting and reshuffling the sub-components of these
communication lines, which finally succeed in “correcting each other”. The proof of this counterin-
tuitive phenomenon, while improving our theoretical understanding of quantum entanglement, has
also a direct application in the realization of quantum information networks based on imperfect
and highly noisy communication lines. A quantum optics experiment, based on the transmission
of single-photon polarization states, is also presented which provides a proof-of-principle test of the
proposed protocol.
I. INTRODUCTION
Reliable quantum communication channels [1, 2] are
crucial for all quantum information and computation pro-
tocols [3] where quantum data must be faithfully and ef-
ficiently transmitted among different nodes of a network
[4], usually via traveling optical photons [5, 6]. Typical
applications are quantum teleportation [7], cryptography
[8] and distributed quantum computation [9].
According to quantum mechanics, two systems can be
prepared in an entangled state characterized by extraor-
dinary correlations that are beyond any classical descrip-
tion [10]. A key objective in quantum communication is
the distribution of such entanglement between two par-
ties, say Alice and Bob. This can be easily achieved with
perfect quantum channels: Alice entangles two systems
and sends one of them to Bob. Even if the channel is
not perfect, a fraction of the initial entanglement can still
survive the transmission process and may be successively
amplified by distillation protocols [11]. In principle, this
technique allows for efficient entanglement distribution
along a network of quantum repeaters connected by im-
perfect channels [12, 13].
The situation is completely different for entanglement-
breaking (EB) channels [14] which are so leaky and noisy
that entanglement is always destroyed for every choice
of the initial state. Such communication lines behave
essentially as classical measure-and-reprepear operations
[15]. In this case the previous techniques based on en-
tanglement distillation and quantum repeaters cannot be
applied simply because, after the transmission process,
there is nothing left to distill or to amplify. Further-
more, any other error-correction protocol, based on pre-
and post-processing operations [16–19] or decoherence-
free subspaces [20, 21], is clearly ineffective since entan-
glement cannot be created out of separable states ex-
ploiting only local operations and classical communica-
tion. Other techniques introduced in order to cope with
decoherence and dissipation, such as dynamical decou-
pling and bang-bang control techniques [22–24], while
being potentially convenient for preserving static quan-
tum memories [25], are instead impractical for systems
physically traveling along a quantum channel. Indeed
such methods would require to continuously modulate
the Hamiltonian of the system during the transmission
line where usually Alice and Bob have no direct access,
moreover these techniques are effective only in the non-
Markovian regime in which the relaxation time of the
environment is larger the time-scale of the control oper-
ations. Non-Markovian memory effects have also been
used in [26] to restore entanglement, but this is possible
only if the environment degrees of freedom are directly
accessible to Bob.
In this work we present a new approach, which we dub
cut-and-paste, that focuses on the way a given channel is
assembled proving that is possible to build reliable com-
munication lines by starting from extremely noisy com-
ponents. Specifically we show, both theoretically and
experimentally, that it is possible to restore the trans-
ferring of quantum correlations along a communication
line of fixed length, by simply splitting it into smaller
pieces and by re-organizing them to form a new channel
of the same length but which is less noisy than the orig-
inal one. The idea is exemplified in the upper panel of
Fig. 1. Here the map M associated with a communica-
tion line that connects two distant parties over a certain
distance is represented as an ordered sequence of smaller
elements, i.e. M = ΦN ◦ ΦN−1 ◦ · · · ◦ Φ2 ◦ Φ1, where for
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FIG. 1: Upper panel: Pictorial representation of the cut-
and-paste technique. The original communication channelM
is entanglement breaking. By dividing it in smaller sections
represented by the maps Φ1, Φ2, Φ3, Φ4 and recombining
them in a proper order we construct a new communication
lineM′ which is less noisy than the original one, in particular
it is not entanglement breaking. Lower panel: merging of two
spatially homogeneous EB channelsM1 andM2 to form the
non EB map M′.
n = 1, · · · , N , Φn is the transformation which propagates
the messages on the n-th section of the line. Now assume
thatM is EB: accordingly it will prevent the transferring
of any form of quantum correlations. Yet, in what follows
we are going to show that there are cases where, by sim-
ply reshuffling the order in which the sub-channels are
connected with each other, we can create a new physical
mapM′ = ΦiN ◦ΦiN−1 ◦ · · · ◦Φi2 ◦Φi1 that doesn’t suffer
from such limitations (i1, i2, · · · , iN being a permutation
of the first N natural numbers). An interesting appli-
cation of this effect is presented in the lower panel of
Fig. 1. Here we are in the presence of two communica-
tion lines,M1 andM2, of length L1 and L2 respectively,
which are both EB and which, for the sake of simplicity,
we assume to be spatially homogenuous. As we shall see
in the next sections, there are situations in which we can
create a new communication lineM3 which allows one to
reliably propagate quantum coherence over distances L3
much larger than L1 + L2, by simply alternating pieces
of the original maps i.e.
M3 = (Φ ◦Ψ) ◦ (Φ ◦Ψ) ◦ · · · ◦ (Φ ◦Ψ) /∈ EB (1)
with Φ (resp. Ψ) being the sub-channel that composes
M1 (resp. M2) – the maximum value of L3 being a
function of the size of the pieces we have selected.
The cut-and-paste effect detailed above ultimately re-
lays on the non-commutative character of quantum me-
chanics, where it is not just the kind of operations per-
formed on a system that matters, but also the order
in which they are carried on. At variance with previ-
ous applications, here such peculiar aspect of the the-
ory exhibits its full potential impact, by allowing or not-
allowing a well defined operational task (i.e. the shar-
ing of entanglement among distant parties). On a more
practical ground, our results can find applications in
the realization of quantum networks connected by highly
damping and noisy communication links. More gener-
ally they suggest a new way of engineering quantum de-
vices, widening the possibilities of optimising their per-
formances by simply reordering the elements which con-
stitute them.
In what follows we review some basic facts about
EB maps and discuss the cut-and-paste mechanism by
focusing on two examples: the first regards amplitude
damping and phase damping channels operating on a
qubit [3]; the second instead deals with a continuous
model in which the propagation of signals in a noisy
environment is represented in terms of effective master
equations. Then for the amplitude damping example
we present an experimental test of this effect where
the qubits are encoded into the polarization degree of
freedom of single photons.
II. THEORETICAL ANALYSIS
A quantum channel Φ is said to be EB if, when applied
to one part of an entangled state, the output is always
separable for every choice of the input [14]. Moreover it
can be shown that Φ ∈ EB if and only if, when operating
locally on the system of interest S, it turns a maximally
entangled state |Ω〉SA of S and of an ancillary system A,
into a separable one [14], i.e.:
ρ
(out)
SA = (Φ⊗ I) (|Ω〉SA〈Ω|) is separable⇐⇒ Φ ∈ EB ,
(2)
with I being the identity channel operating on A. A
possible way to smooth the boundary between these
“bad” kind of channels and the “good” non-EB channels,
is the notion of EB order of a channel introduced in [27],
and further studied in [28]. Accordingly Φ is said to be
EB of order n if it requires n consecutive applications to
destroy the entanglement of any input state, i.e. if up
to n − 1 iterations of Φ are not EB, while n (or more)
iterations of Φ yields a EB transformation.
A. Cut-and-paste with discrete maps
Amplitude Damping (AD) channels are an important
class of maps acting on a qubit [3]. They describe dis-
sipation and decoherence processes of a two-level sys-
tem in thermal contact with a zero temperature exter-
nal bath, or the loss of a photon in the propagation of
single photon pulses along an optical fiber. Given an in-
put density matrix ρ the channel Aη transforms it as
Aη(ρ) ≡ E1ρE†1 + E2ρE†2, where E1 ≡
[
1 0
0
√
η
]
and
3E2 ≡
[
0
√
1 − η
0 0
]
, are the Kraus operators expressed in
the computational basis of the qubit, and η ∈ [0, 1] is the
transmission coefficient characterizing the map, interpo-
lating between perfect transmission η = 1 and complete
damping η = 0. One can easily verify that Aη is never
EB for η > 0 and, from the semigroup property
Aη2 ◦ Aη1 = Aη1 ◦ Aη2 = Aη2η1 , (3)
that it also has infinite order, i.e. n = ∞. Interestingly
enough however, it can be shown [27] that for sufficiently
small values of the transmission coefficient η, the order
of Aη can be reduced by post-posing or ante-posing suit-
able unitary gates. In particular one can identify (non-
unique) unitary operations ρ → U(ρ) = UρU† such that
the channels
Φ = Aη ◦ U , Ψ = U† ◦Aη, (4)
are both EB of order n = m = 2: for instance this hap-
pens at η = 0.3 when we take the bit-flip σx as U . What
it is more interesting, we can now use these maps to
provide a first evidence of the cut-and-paste mechanism.
Indeed consider the compound map M formed by two
applications of Φ and followed by two applications of Ψ,
i.e. M = Φ◦Φ◦Ψ◦Ψ (corresponding to set Φ1 = Φ2 = Φ
and Φ3 = Φ4 = Ψ in the upper panel of Fig. 1). This
is clearly EB, however the alternate application of the
two maps produces the AD channel of transmissivity η4
which, as already stated, is never EB:
M′ = Φ ◦Ψ ◦ Φ ◦Ψ (5)
= Aη ◦ U ◦ U† ◦ Aη ◦ Aη ◦ U ◦ U† ◦ Aη = Aη4 /∈ EB.
Similar results can also be obtained by replacing in
the above expressions the AD map Aη with the phase-
damping (PD) channel Ep [3]. For p ∈ [0, 1] the latter
transforms a generic input density matrix ρ of the qubit
as Ep(ρ) ≡ 1/2 ((1 + p)ρ+ (1− p)σzρσz) describing loss
of coherence between its energy eigenstates. Analogously
to the AD maps, Ep /∈ EB for p > 0 and satisfies the
semigroup property Ep2 ◦ Ep1 = Ep1 ◦ Ep2 = Ep2p1 , from
which it immediately follows that they are EB of infinite
order, i.e. Ep ∈ EBn for n = ∞. Furthermore also in
this case for p sufficiently small one can find a unitary
transformation U such that the maps Φ = Ep ◦ U and
Ψ = U† ◦ Ep are EB of order 2, e.g. by fixing p = 0.4 and
U = 1/
√
2(σz − σx).
The examples presented here constitute also a clear
“proof of principle” demonstration of the merging effect
described in the lower panel of Fig. 1. Indeed both in
the AD and in the PD implementation, not only the
channel M is EB, but also the maps associated with its
first and second sections (i.e. the maps M1 = Φ ◦Φ and
M2 = Ψ ◦Ψ respectively) share the same property. Yet
even though individually such transformations are both
bad operations, when split and merged as in (5) they
manage to somehow correct their detrimental effects.
This is a curious instance of an effective quantum error
correction procedure obtained by properly mixing two
different types of errors. Furthermore, due to their
semigroup property which both the AD and PD maps
fulfil, the channel Φ ◦ Ψ has actually an infinite order
(n = ∞). Accordingly the procedure can be iterated
an arbitrary number of times obtaining an infinitely
long sequence (Φ ◦ Ψ) ◦ (Φ ◦ Ψ) ◦ . . . which nonetheless
can still transmit a non-zero fraction of entanglement
(corresponding to have a divergent value of L3 of Fig. 1).
B. Cut-and-paste with continuous channels
The potentiality of the cut-and-paste method is much
more general and is not restricted to idealized sequences
of discrete unitary and dissipative operations discussed so
far. In more realistic scenarios, like the continuous prop-
agation of a quantum state along a physical medium, the
transmission is better described by continuos homoge-
neous channels (also known as quantum dynamical semi-
groups) [29, 30]. In this framework, the propagation of a
signal for an infinitesimal distance dx, induces a change
of the density matrix according to a master equation of
the form:
dρ
dx
= L(ρ), (6)
where the linear Liouvillian operator L, completely char-
acterizes the channel and generates simultaneously the
unitary and dissipative dynamics of the system [29, 30].
The formal solution of Eq. (6), is ρ(x) = eLxρ(0) and
represents the propagation of the quantum state for a
finite length x along the physical medium.
Now, as in the case of the lower panel of Fig. 1, as-
sume that we have at disposal two of these maps (e.g.
two different wave guides) characterized by L1 and L2,
such that the integrated dynamics becomes EB after a
propagation length of x = L1 and x = L2 respectively,
i.e. :
M1 = eL1L1 ∈ EB, M2 = eL2L2 ∈ EB. (7)
If we divide the two transmission lines into shorter pieces
of length L1/n1 and L2/n2 we, obtain the following maps
Φ = eL1L1/n1 and Ψ = eL2L2/n2 , which are, by construc-
tion, EB of order n1 and n2. The idea is thus to construct
a new communication line using Φ and Ψ as elementary
building blocks which are merged to form an alternate se-
quence as in Eq. (1) with the aim of increasing the entan-
glement propagation length as much as possible. As an
example we can consider two hypothetical transmission
lines, characterized by the following Liouvillian operators
[29, 30]:
Lj(ρ) = −i[Hj , ρ] + 
2
(2σ−ρσ+− σ+σ−ρ− ρσ+σ−), (8)
where j = 1, 2 , H1 = Ωσx, H2 = −Ωσx and σ± =
(σx ± iσy)/2. The first term in this equation induces a
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FIG. 2: Residual concurrence [31] as a function of the propa-
gation distance x for different continuous channels. At x = 0
the system is initialized in the singlet state. Panel a) refers to
the rotating amplitude damping channels defined in Eq. (8)
(black dashed line) and their associated cut-and-paste im-
provements described in Eq. (9) for different values of n (black
lines). The limit for n → ∞ is also represented (red dotted
line). Panel b) instead is based on the rotating phase damping
channels defined in Eq. (10), while the notation is the same
as for panel a). The values of the parameters are Ω = 1.5 and
 = 1 for both subfigures which yield L = 1.75 for Eq. (8) and
L = 0.85 for Eq. (10) for the maximum propagation length
that allow for quantum coherence preservation (beyond these
values the maps become EB). The cut-and-paste approach
allows to significantly increase the EB threshold well beyond
the original one: for instance in the case of Eq. (8) setting
n = 2 already gives L3 which is more than twice the value
of L (similarly this happens also for the case of Eq. (10) by
setting n = 4).
unitary rotation of the quantum state while the second
term is responsible for the dissipative dynamics. Accord-
ingly Eq. (8) is a sort of continuous analogue of the dis-
crete maps of Eq. (4) where the two different form of
transformations (i.e. Aη and U) are applied to the sys-
tem not one after the other but simultaneously.
For nonzero values of Ω and , both channels become
EB at the same finite propagation length L. For simplic-
ity we cut slices of equal length L/n for both channels,
and we paste them according to the alternating sequence
given in Eq. (1). This new continuous channel is formally
described by a master equation in which the Liouvillian
operator switches between L1 and L2 after the propaga-
tion of L/n space intervals, i.e.
dρ
dx
= L(n)3 (ρ) =
{ L1(ρ), for [ xL/n] = even,
L2(ρ), for
[
x
L/n
]
= odd,
(9)
where [·] is the integer part of the argument.
We now test the entanglement condition given in Eq.
(2), i.e. we study the entanglement evolution induced by
the channel L(n)3 when applied to one part of a maximally
entangled state. The value of entanglement measured in
terms of the concurrence [31] as a function of the distance
x is represented in Fig. 2a for different values of n. We
observe that with respect to the original channels L1 and
L2, the new channels L(n)3 become entanglement breaking
at larger distances. Moreover, the entanglement propa-
gation length increases with n, and tends to infinity. This
fact can be proved theoretically: using a simple Trotter
decomposition argument, the dynamics for n→∞ tends
to a pure amplitude damping channel which is never en-
tanglement breaking.
Exactly the same analysis and similar results are valid
also for other continuous channels. For example if we
replace equation (8) with
Lj(ρ) = −i[Hj , ρ] + 
2
[σz, [σz, ρ]], (10)
we obtain two propagation media indexed by j = 1, 2
in which a qubit is rotated in different directions by
H1 = Ωσx and H2 = −Ωσx while, at the same time, it is
subject to a dephasing process [29, 30]. Remarkably, this
is a quite realistic model for the propagation polarization
qubits in optical fibers, in which dephasing and polar-
ization drift can simultaneously affect the transmitted
photons. Fig. 2b demonstrates that our approach is
applicable also in this situation, obtaining a significant
enhancement of the entanglement propagation distance.
III. EXPERIMENTAL IMPLEMENTATION
In this section we present a quantum optics experiment
demonstrating the possibility of restoring the transmis-
sion of entanglement via the cut-and-paste technique pre-
viously described. Specifically we study the transmission
of a qubit encoded in the horizontal and vertical polar-
ization of a photon {|0〉 ≡ |H〉, |1〉 ≡ |V 〉} and, inspired
by Eq. (4), we take
Φ = Aη2 ◦ Uθ , Ψ = Uϕ ◦ Aη1 , (11)
where now the unitary mappings Uξ with ξ = θ, ϕ induce
the rotation Uξ ≡
[
cos(2ξ) sin(2ξ)
sin(2ξ) − cos(2ξ)
]
in the polarization
degree of freedom of the photon.
The experimental setting is sketched in Fig. 3: for as-
signed values of η1, η2, θ and ϕ, it is designed to study the
presence/absence of entanglement on a maximally polar-
ization entangled state |Ω〉SA of a two-photon pair, which
evolves under the transformation (2) given by the chan-
nelsM′ = Φ ◦Ψ ◦Φ ◦Ψ,M1 = Φ ◦Φ, orM2 = Ψ ◦Ψ by
properly tuning the parameters of the interferometer (see
below for details). For each one of these three choices the
EB character of the transformation is hence determined
exploiting the equivalence (2) by measuring the concur-
rence [31] of the associated density matrix ρ
(out)
SA through
full tomography performed at the output of the setup: ev-
idence of the cut-and-paste effect is thus obtained when-
ever one notices a non-zero value for the concurrence for
M′ in correspondence with a zero concurrence value for
M1 and M2.
In our test we employ as |Ω〉SA the superpositions
(|H〉S |V 〉A + eiφ|V 〉S |H〉A)/
√
2 created through a high-
brilliance, high-purity polarization entanglement source
(see [32]). The source consists of a nonlinear PPKTP
5FIG. 3: Scheme of the experimental setup. The A photon belonging to the polarization entangled state |Ω〉SA is directly
linked to the detector, while the S photon is connected to the three DIF via a single-mode optical fiber (SMF). A bipartite full
tomography stage, given by one HWP and one quarter wave plate (QWP) for both the system and the ancilla photons, allows
to reconstruct the density matrix of the two-photon state. Finally, photons pairs are coupled to two electronically synchronized
avalanche photodiodes (APDs) through two SMFs. PC: Polarization Controller. BS and PBS: Beam Splitter and Polarizing
Beam Splitter.
crystal pumped by a single mode laser at 405nm and
2.75mW of power within a Sagnac Interferometer (SI),
and able to generate pairs of photons in the system
mode S and the ancillary mode A, at 810nm by Type-
II parametric down conversion. The generated pairs
(more than 50000 detected coincidences/sec) have a co-
herence length of Lcoh = 1.02mm and spectral band-
width ∆λ = 0.43nm. The ancillary photon A is hence
directly transmitted to a detector station, while the pho-
ton S is connected to the testing area which implements
the action of the maps M′, M1 and M2 through both
free-space and fiber optics links, and then sent to a sec-
ond detector station, see Fig. 3.
When emerging from the source, the resulting state has
more than 98% of fidelity with the target |Ω〉SA and con-
currence equal to C = 0.98, corresponding to an effective
C = 0.94 at the interferometer detectors, because of the
unavoidable entanglement degradation occurring in the
connection with the testing channel (see Appendix B).
The mappings Uξ entering (11) are implemented by
placing properly oriented Half-Wave Plates (HWP) along
the optical axis of the propagating photons. The AD
channels Aη1 and Aη2 are instead realized by means of
a dual interferometric setup (DIF) obtained by putting
two independent polarization controls inside a displaced
SI, coupled to an external unbalanced Mach-Zehnder in-
terferometer (MZI) (see Appendix A for more details on
this).
To implement M′ = Φ ◦ Ψ ◦ Φ ◦ Ψ we exploit the
semigroup property (3) to formally express the product
Aη1◦Aη2 as a single AD channel with damping parameter
η2η1. Accordingly we write
M′ = Aη2 ◦ Uθ ◦ Uϕ ◦ Aη1η2 ◦ Uθ ◦ Uϕ ◦ Aη1 . (12)
This simple trick enables us to implement the whole
transformation by means of three DIFs only instead
of four (one for each AD map entering the original
sequence), by taking the parameters α1, α2,1 and α2
of Fig. 3 equal to arccos(−√η1)/2, arccos(−√η2η1)/2,
and arccos(−√η2)/2, respectively (see Eq. (A2) of the
Appendix A). For fixed values of η2 and θ, the action
of M1 = Φ ◦ Φ is studied by deactivating both Ψ maps
in (12). Such operation is realized in two steps. First,
the HWP placed in the internal vertically polarized
path of the first DIF of Fig. 3 is set to α1 = pi/2
to simulate η1 = 1, while the HWPs placed in the
internal vertically polarized paths of the second and
third DIF, are set to induce the same rotation (i.e.
α2,1 = α2 = arccos(−√η2)/2). Secondly, both the
external HWPs of Fig. 3 which are responsible for the
implementation of Uϕ are simply taken off from the
setup. Similarly, for each given value of η1 and ϕ,
we can study the action of M2 = Ψ ◦ Ψ deactivating
both Φ maps, by taking off from the setup both the
external HWPs associated with the rotation Uθ, and
by letting the internal HWPs of the three DIFs as
α1 = α2,1 = arccos(−√η1)/2 and α2 = pi/2 to simulate
η2 = 1. Finally, the implementation of the identity
channel (useful to directly measure the net entanglement
of the input state available at the detectors of the inter-
ferometer) is obtained by setting α1 = α2,1 = α2 = pi/2
and removing all the external HWPs.
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FIG. 4: Entanglement breaking analysis for the maps M1 =
Φ◦Φ,M2 = Ψ◦Ψ andM′ = Φ◦Ψ◦Φ◦Ψ obtained by cascading
the channels of Eq. (11) with η1 = η2 = 0.3. a) Functional
dependence upon the angle θ of the concurrence C of the state
(2) at the output the channel M1 obtained from the scheme
of Fig. 3 by setting α1 = pi/2, α2,1 = α2 = arccos(−√η2)/2
and removing the rotations Uϕ (see text). For θ around ±pi/4
the system exhibits zero concurrence showing that the Φ ◦ Φ
is EB, or equivalently that Φ is EB of order 2. b) Functional
dependence upon the angle ϕ of the concurrence C of the
state (2) at the output the channel M2 obtained by setting
α1 = α2,1 = arccos(−√η1)/2 and α2 = pi/2 and removing
the rotations Uθ. Similarly to the previous case, for ϕ around
±pi/4 the system exhibits zero concurrence showing that the
Ψ ◦ Ψ is EB, or equivalently that Ψ is EB of order 2. c)
Functional dependence upon the angle θ of the concurrence
C of the state (2) at the output the channel M′ obtained by
setting α1 = α2 = arccos(−
√
0.3)/2, α2,1 = arccos(−0.3)/2
and keeping ϕ = pi
4
. In all plots the red curves represents
the theoretical prediction obtained by considering the actual
experimental conditions (see Appendix B). Each point and
the associated statistical error was taken from a set of N
measurements (3 ≤ N ≤ 11), under equivalent mode coupling
conditions.
In Fig. 4 we report the results obtained having set the
transmission coefficients of the AD channels entering
Eq. (11) at η1 = η2 = 0.3 (value for which we have
already anticipated the possibility of witnessing the
cut-and-paste effect). In particular panels a) and b)
show the EB analysis for the maps M1 = Φ ◦ Φ and
M2 = Ψ ◦ Ψ when, respectively, θ and ϕ are varied.
In both cases one may notice that the concurrences of
the associated SA output states (2) nullify when these
angles reach the values ±pi/4, implying hence that under
these conditions the channels Φ and Ψ are EB of order
2. Panel c) shows instead the EB analysis for the map
M′ of Eq. (12) when the angle ϕ is kept constant at pi4
and θ is varied: one notices that the concurrence of the
output state (2) is peaked and different from zero around
θ = ±pi/4, indicating that for these values the map is
not EB. Our data provide hence a clear experimental
evidence of the cut-and-paste entanglement restoring
effect for η1 = η2 = 0.3, θ = ±pi/4, and ϕ = ±pi/4. The
theoretical prediction corresponding to the red curves
shown in the figure have been obtained by taking into
account the actual optical elements of the experimental
setup – the slight residual disagreement being mainly
due to the unavoidable difficulties of coupling different
polarization and path contributions within the same
single mode fiber (see Appendix B for details).
IV. CONCLUSIONS
“Cutting” two entanglement-breaking channels into
two or more pieces and properly reordering the corre-
sponding parts can yield a new communication line which
is not entanglement-breaking: this is the essence of the
cut-and-paste protocol. In this work we give the first the-
oretical proposal both for discrete and continuous time
evolution, the latter proving a more realistic model for
signals evolution within a piece of material. We consid-
ered as benchmarks for a proof-of-principle demonstra-
tion the rotated amplitude and phase damping maps. In
the second part of the manuscript, we focused on the
discrete amplitude damping evolution, yielding the first
experimental demonstration of this quite unconventional
protocol. The quantum optics experiment that we have
realized is based on the transmission of photon polar-
ization qubits and has unambiguously proved the pre-
dicted entanglement recovery effect. The specific proof-
of-principle demonstration has been constructed using
combinations of amplitude-damping channels and uni-
tary operations. However the proposed cut-and-paste
technique is not limited to this scenario and can be ap-
plied also to more general single-qubit channels. We also
envisage interesting generalizations of our approach to
arbitrary multi-qubit channels [2] and to the physically
important class of Gaussian entanglement-breaking chan-
nels [33, 34]. Our technique and its experimental real-
ization demonstrates the real possibility of recover some
amount of entanglement or extend its distance distribu-
tion over extremely noisy links, opening a novel oppor-
tunity towards the realization of quantum information
networks of increasing complexity [35, 36]. Moreover,
the unusual entanglement recovery effect studied in this
work is also interesting in its own right and could open
new research lines in quantum channel theory [2] and
error correction protocols [18].
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Appendix A: Amplitude Damping Channel
In the polarization basis {|H〉, |V 〉} the action of the
AD map Aη can be realized by means of the DIF of
Fig. 5. Here an incoming signal |ψ〉 = a|H〉 + b|V 〉 en-
ters first a Sagnac Interferometer realized by means of a
Polarizing Beam Splitter (PBS) which allows us to split
the two polarization components by mapping them into
two distinct optical paths, i.e. the black path a of Fig. 5
for the |H〉 component and the red path b for the |V 〉
component, respectively. Accordingly the state of the
signal immediately after the PBS can be expressed as
a|H〉 ⊗ |a〉 + b|V 〉 ⊗ |b〉 where we expanded the Hilbert
space by explicitly adding the path degree of freedoms.
Inserting then a rotated HWP along b a rotation on the
polarization degree of freedom of |V 〉 ⊗ |b〉 can then be
induced while leaving the polarization of the |H〉⊗|a〉 un-
changed, i.e. |V 〉⊗ |b〉 → √η|V 〉⊗ |b〉+√1− η|H〉⊗ |b〉
and |H〉 ⊗ |a〉 → |H〉 ⊗ |a〉, the unitary operator respon-
sible for such transformation being
U0 ⊗ |a〉〈a|+ Uα(η) ⊗ |b〉〈b| , (A1)
where
α(η) = arccos(−√η)/2 , (A2)
and where for α generic Uα indicates the polarization
rotation associated with a HPW element rotated by α,
which in the basis |H〉, |V 〉 is represented by the matrix
Uα =
[
cos(2α) sin(2α)
sin(2α) − cos(2α)
]
, (A3)
(as indicated in the Fig. 5 an unrotated HWP, perform-
ing the unitary transformation U0 in Eq. (A1), was also
inserted in the path a in order to preserve the temporal
coherence between the two counter-propagating beams).
Subsequently, on their second encounter with the PBS,
the two signals enter an unbalanced Mach-Zehnder in-
terferometer which separates the horizontal component
of the b path adding to it a random phase eiω before re-
combining the signals at a 50% Beam Splitter (BS). Ac-
cordingly, with probability 1/2 the state emerging from
the output port of the figure is described by the vector
|ψ〉out = (a+eiωb
√
1− η)|H〉+b√η|V 〉 which, upon aver-
aging over the random term ω, corresponds to the action
of Aη on |ψ〉, no photon emerging otherwise (in writ-
ing |ψ〉out the path degree of freedom have been removed
since the BS is effectively filtering out one of them).
In the experimental setting shown in Fig. 3 the
above transformation is iterated three times in order
to reproduce the sequences of the maps Ψ and Φ as
FIG. 5: Scheme of the experimental implementation of the
AD map Aη via a DIF loop. In this picture the path a as-
sociated with the |H〉 polarization component is indicated in
black, while the path b associated with the |V 〉 component
is in red. The blue elements of the figure represent HPW
elements.
detailed in the main text, with the precaution of setting
the physical dimensions of the associated Mach-Zehnder
interferometers to be different from each other in order
to avoid any spurious coherence among the random
phases they are meant to introduce.
Appendix B: Simulation of the scheme
The complexity of the geometry and the difficulties
of coupling many spatial modes within one final single-
mode fiber affect the entanglement preservation even if
the maps implemented by the various DIF were set to
operate as identity channels (i.e. taking η1 = η2 = 1 in
Eq. (12) which implies setting α1 = α2,1 = α2 = 0, and
physically removing the HWPs implementing the unitary
rotations Uϕ and Uθ). Indeed, under such experimental
conditions, the mean entanglement degradation on each
DIF was greater than 1.3%, thus the maximum concur-
rence at end of the entire sequence of channels decreases
from 98% to 94%. Besides the decrease of entanglement,
the number of coincidences/sec was also affected, consid-
ering that the effective photon transmission of each dou-
ble interferometer was ≈ 1/3. Furthermore the effective
operation of each interferometer, and therefore of each
channel, can differ considerably from the others, even for
small differences of the optical elements.
The numerical simulations presented in Fig. 4 have
been obtained by taking into account all these imperfec-
tions. In particular we considers as input of the setup an
effective input state of Werner form ρSA = W |Ω〉SA〈Ω|+
(1−W )ISA/4 with the parameter W ∈ [0, 1] extrapolated
from the degree of entanglement of the source. Regard-
ing the BS transformations instead we described them as
8the following 2 × 2 matrices with respect to the spatial
degree of freedom associated with the input ports,
BS =
[√
T ′ i
√
R′
i
√
R′
√
T ′
]
, (B1)
where the measured optical transmissivity T and re-
flectivity R have been renormalized to include losses
L = 1 − T − R by setting T ′ = T/(1 − L) and R′ =
R/(1 − L) (the average values of our set of BSs being
T = 0.48,R = 0.44 and L = 0.08). Analogously to sim-
ulate the PBSs, we separated the action of each one of
them in two BS-like operations, one for horizontally po-
larized light and one for vertically polarized light, i.e.
adopting the notation introduced in (A1), we describe
them in terms of the following unitary transformation
|H〉〈H| ⊗BSH + |V 〉〈V | ⊗BSV . (B2)
Here BSH and BSV are operators coupling the vec-
tors |a〉, |b〉 as in (B1) with normalized transmissivi-
ties T ′H , T
′
V and reflectivities R
′
H , R
′
V , connected with
the corresponding optical values TH , TV , RH , and RV
via the associated losses LH and LV . These parameters
have been characterized sperimentally by using a CW
diode laser with the same wavelength (810nm) of the ex-
pected entangled photons, obtaining on average over the
set of the PBSs employed in the experiment, the values
TH = 0.965, RH = 0.0185 and LH = 0.022 (TV = 0.004,
RV = 0.948 and LV = 0.048).
In Fig. 6 we report a comparison between the ideal the-
oretical behaviour of the output concurrences C and the
corresponding simulated values obtained by rescaling the
setup parameters as detailed above. Apart from exhibit-
ing degraded values of C, one notices that the simulated
values present a clear difference in the behaviour of M1
and M2 and a crooked asymmetry in the concurrence
peaks of M′ which are not present in the ideal theoret-
ical curves but which are clearly evident in the experi-
mental data of Fig. 4. The residual disagreement between
the latter and the simulations must be attributed to the
different fiber coupling efficiencies of all the 27 possible
polarization-path modes which are difficult to chart due
to mechanical random fluctuations of the setting.
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FIG. 6: Top: Concurrence values at the output of the scheme
of Fig. 3 obtained assuming ideal conditions. The blue curve
gives C for the map M′ = Φ ◦ Ψ ◦ Φ ◦ Ψ of Eq. (12) ob-
tained by rotating the angle x = θ with ϕ fixed at pi
4
; the
red-dashed curve represents instead the value of C for the
channels M1 = Φ ◦ Φ or M2 = Ψ ◦ Ψ, obtained by rotating
the angle x = θ or x = ϕ respectively. Bottom: Same plots
as the Top section obtained by using real optical-elements
simulations. Also in this case the blue curve represents M′
obtained by rotating the angle x = θ with ϕ fixed at pi
4
; the
red-dashed curve represents insteadM1, obtained by rotating
the angle x = θ while the the green-dotted curve represents
M2, obtained by rotating the angle x = ϕ. All the curves
have been produced by taking the transmission coefficients of
the active AD channels equal to η = 0.3.
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